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Transfer of free energy from large to small velocity-space scales by phase mixing leads to Landau
damping in a linear plasma. In a turbulent drift-kinetic plasma, this transfer is statistically nearly
canceled by an inverse transfer from small to large velocity-space scales due to “anti-phase-mixing”
modes excited by a stochastic form of plasma echo. Fluid moments (density, velocity, temperature)
are thus approximately energetically isolated from the higher moments of the distribution function,
so phase mixing is ineffective as a dissipation mechanism when the plasma collisionality is small.
Introduction.—Kinetic turbulence in weakly colli-
sional, strongly magnetized plasmas is ubiquitous in
magnetic-confinement-fusion experiments [1–3] and in as-
trophysical settings [4, 5]. Like fluid turbulence, kinetic
turbulence may be described as the injection (e.g., by
a plasma instability), cascade to small scales, and dis-
sipation of a quadratic invariant, viz., free energy. On
spatial scales larger than the ion Larmor radius, kinetic
turbulence incorporates two mechanisms for dissipating
free energy into heat. The first is a fluid-like nonlin-
ear cascade from large to smaller, sub-Larmor, spatial
scales (where the free energy is dissipated eventually by
collisions [5–8]). The second is parallel phase mixing, a
linear process that transfers free energy from the fluid
moments (density, fluid velocity and temperature) to the
kinetic (higher-order) moments by creating perturbations
in the velocity distribution on ever finer scales in veloc-
ity space, perturbations which are also then dissipated
by collisions. In a linear plasma, this is known as Lan-
dau damping and the free energy is dissipated at a rate
independent of collision frequency [9, 10].
The macroscopic properties of the turbulence (such as
heat and momentum transport) are directly affected by
the two energy dissipation channels; yet, while each is un-
derstood in isolation, how they interact is not clear. Re-
cent work leads to some disquieting observations. Firstly,
a fluid-like theory for the nonlinear cascade [11] predicts
power-law spectra for the electrostatic potential in good
agreement with those found in gyrokinetic simulations,
but its derivation neglects free-energy transfer by phase
mixing [12], contrary to what might be expected on the
basis of linear theory. Including a constant flux of free
energy into velocity space leads to non-universal spectra
that tend to be steeper than those empirically observed
[12–17]. Some simulations show a significant proportion
of injected free energy cascading and dissipating in ve-
locity space [18], albeit with a slower transfer rate than
in the linear case, and with a dissipation rate that de-
pends on collision frequency [19, 20]. These observations
suggest a complicated relationship between parallel phase
mixing and the nonlinear cascade; there is as yet no com-
plete picture of free-energy flow and dissipation in phase
space.
In this Letter, we propose the outlines of such a picture
for electrostatic drift-kinetic turbulence. We show that
the net transfer of free energy from fluid to kinetic modes
is strongly inhibited in a turbulent plasma, compared to
a “linear plasma”. This is due to a stochastic version
of the classic plasma-echo phenomenon [21, 22]: the non-
linearity excites “anti-phase-mixing” modes that transfer
free energy from small to large velocity-space scales, lead-
ing to statistical cancellation of the free-energy flux. The
significance of this effect depends on the relative rates of
phase mixing and nonlinear advection. We identify re-
gions of wavenumber space where either the echo effect
dominates, or phase mixing occurs at the usual linear
rate. Most of the free energy contained in fluid moments
is at wavenumbers that lie within the echo-dominated re-
gion. Therefore, there is very little net free-energy trans-
fer to fine velocity-space scales via linear phase mixing.
Consequently, Landau damping is strongly suppressed as
a dissipation mechanism.
Drift kinetics.—We study electrostatic ion-
temperature-gradient (ITG) driven drift-kinetic tur-
bulence in an unsheared slab with kinetic ions and
Boltzmann electrons. The equations are the drift-kinetic
equation for ions,
∂g
∂t
+ v‖∇‖ (g + ϕF0) + u⊥ · ∇⊥g = C[g] + χ, (1)
and the quasineutrality condition [23]
ϕ ≡ Zeφ
Ti
= α
∫ ∞
−∞
dv‖ g, α =
ZTe
Ti
. (2)
Here g = (1/ni)
∫
d2v⊥ δf is the perturbed ion dis-
tribution function integrated over perpendicular veloc-
ity space, with ni the mean ion density; φ is the elec-
trostatic potential, −e the electron charge, Ze is the
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2ion charge, and Ti and Te the mean ion and electron
temperatures; F0(v‖/vth) = e
−v2‖/v2th/
√
pi is the one-
dimensional Maxwellian, with v‖ the parallel velocity,
vth =
√
2Ti/mi the ion thermal velocity, and mi the ion
mass; u⊥ = (ρivth/2)zˆ×∇⊥ϕ is the E×B velocity with
ion gyroradius ρi, and zˆ the unit vector in the direction
of the magnetic field line. The perpendicular directions
are x and y. The energy-injection term due to a mean
ITG in the negative x direction is
χ = −ρivth
2LT
∂ϕ
∂y
(
v2‖
v2th
− 1
2
)
F0,
1
LT
= −d lnTi
dx
. (3)
The collision operator C[g] will be described shortly.
The system (1–2) conserves the free energy W =∫
d3r ϕ2/2α +
∫
d3r
∫∞
−∞ dv‖ g
2/2F0, except for injec-
tion by the ITG and dissipation by collisions:
dW
dt
=
∫
d3r
∫ ∞
−∞
dv‖
gχ
F0
+
∫
d3r
∫ ∞
−∞
dv‖
gC[g]
F0
. (4)
Simulations.—We study the saturated state of drift-
kinetic turbulence in a box with parallel and per-
pendicular lengths L‖ and L⊥. We solve equa-
tions (1–2) with SpectroGK [24, 25], a phase-
space-spectral code designed to capture discrete free-
energy conservation exactly. We use a Fourier rep-
resentation in physical space, r, with 128×128×256
wavenumbers (kx, ky, k‖). The highest Fourier modes
are damped using 8th-order hyperviscosity. In the
parallel-velocity space, we use the Hermite represen-
tation g(v‖) =
∑∞
m=0 gmHm(vˆ‖)F0(vˆ‖)/
√
2mm!, where
Hm(vˆ‖) = e
vˆ2‖(−d/dvˆ‖)me−vˆ
2
‖ with vˆ‖ = v‖/vth. For
large m, Hm ∼ cos(vˆ‖
√
2m − mpi/2)√2mm!/F 1/20 (vˆ‖),
so
√
m represents a “wavenumber” in velocity space.
The first three Hermite moments are “fluid” quantities:
g0 = ϕ/α (density), g1 =
√
2u‖/vth (parallel fluid ve-
locity), g2 = δT‖/Ti
√
2 (parallel-temperature perturba-
tion). For m ≥ 3, gm are “kinetic” moments, rep-
resenting finer velocity-space scales. We use 256 Her-
mite modes, regularizing with 6th-order hypercollisions
C[gm] = −νmngmIm≥3, where n = 6, and Im≥3 = 1
if m ≥ 3 and Im≥3 = 0 otherwise. For n = 1, this
is a momentum- and energy-conserving version of the
Lenard–Bernstein operator [26, 27]. As the linear growth
rate of the ITG instability in drift kinetics increases in-
definitely with k⊥, we artificially suppress the temper-
ature gradient by a factor κ = exp[−200(k2⊥/k2⊥max +
k2‖/k
2
‖max)] to separate the free-energy injection and dis-
sipation scales. This captures the essential feature of ITG
turbulence: that the nonlinear turnover rate eventually
dominates the injection rate as k⊥ increases. However, as
the nonlinear and linear characteristic rates are respec-
tively τ−1nl ∼ k4/3⊥ and ω∗ ∼ ky, [11, 12], it is necessary
to limit the free-energy injection artificially to a narrow
range of small wavenumbers to allow an inertial range
to develop with the available resolution. Now only low
wavenumbers can grow, and only for very large temper-
ature gradients. We present results for L‖/LT = 1600,
with the fastest growing wavenumber k⊥0 = 4pi/L⊥ ≈
k⊥max/30 setting the energy-injection scale. While this
arrangement does not inject free energy in a realistic fash-
ion, we are able to study the key features of its transfer
and dissipation in drift-kinetic turbulence.
While we solve fully spectrally, it is convenient for pre-
sentation to write equations that are spectral in velocity
and the parallel spatial direction only. Equation (1) be-
comes
∂gˆm
∂t
+ ik‖vth
(√
m+ 1
2
gˆm+1 +
√
m
2
gˆm−1
)
+
ik‖vth√
2
ϕˆδm1 +
∑
p‖+q‖=k‖
uˆ⊥(p‖) · ∇⊥gˆm(q‖)
= −νmngˆmIm≥3 + χˆ,
(5)
where hats denote functions in (r⊥, k‖,m) space, and
χˆ = −κˆ(ρivth/2
√
2LT )(∂ϕˆ/∂y)δm2. Equation (5) ex-
hibits clearly the two mixing mechanisms present in the
turbulence: the “fluid” cascade due to the uˆ⊥ · ∇⊥gˆm
nonlinearity, and linear phase mixing by coupling be-
tween Hermite modes.
Free-energy transfer.—We first formulate the free-
energy transfer between fluid and kinetic moments. Let
W =
∫
d2r⊥
∑
k‖(Wfluid +Wkin), where Wfluid(r⊥, k‖) =
(1+α)|ϕˆ|2/2α2 + |uˆ‖|2/v2th + |δTˆ‖|2/4T 2 is the free energy
in fluid moments, and Wkin(r⊥, k‖) =
∑∞
m=3 |gˆm|2/2 is
the free energy in kinetic moments. Equation (5) implies
∂
∂t
|gˆm|2
2
+ Γm − Γm−1 + Im
(
k‖vth√
2
gˆmϕˆ
∗δm1
)
+Nm = −νmn|gˆm|2Im≥3 + Re (gˆ∗mχˆ) ,
(6)
whereNm = Re
[∑
p‖+q‖=k‖
gˆm(k‖)∗uˆ⊥(p‖) · ∇⊥gˆm(q‖)
]
is the free-energy transfer in (r⊥, k‖) space due to the
nonlinearity, and Γm = k‖vth
√
(m+ 1)/2 Im(gˆ∗m+1gˆm)
is the free-energy transfer from mode m to m+ 1 due to
phase mixing [28].
Summing (6) separately over m ∈ {0, 1, 2} (fluid) and
m ≥ 3 (kinetic) gives
∂Wfluid
∂t
=M+ S − T , ∂Wkin
∂t
= N + T − C, (7)
where S(r⊥, k‖) = Re(δTˆ ∗‖ uˆx)/(2TiLT ) is the source
due to the ITG, C(r⊥, k‖) = ν
∑∞
m=3m
n|gˆm|2 is the
sink due to collisions, M(r⊥, k‖) = −
∑2
m=0(1 +
αδm0)Nm and N (r⊥, k‖) = −
∑∞
m=3Nm are free-energy
transfers due to the nonlinearity, and T (r⊥, k‖) =
k‖vth
√
3 Im(gˆ∗3δTˆ‖)/(2Ti) = Γ2 is the transfer of free
energy from fluid to kinetic moments due to stream-
ing v‖∇‖g in (1). Streaming is linear and reversible,
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FIG. 1.
〈
Γ¯2
〉
= 〈T /TL〉, the free-energy transfer from fluid to
kinetic moments in the saturated turbulent state, normalized
to its value in a linear plasma, expressed in Fourier space.
The line is τ−1nl = τ
−1
s (defined in the text).
so T may be positive or negative; however setting
T ≡ TL = |k‖|vth
√
3/2|gˆ2|2 (more generally, Γm ≡
ΓLm = |k‖|vth
√
(m+ 1)/2|gˆm|2) amounts to an effective
Landau-fluid-style closure that captures free-energy dis-
sipation by Landau damping. While not exact [10], it
yields spectra in excellent agreement with linear drift-
kinetic simulations [24].
We now consider the saturated state of the turbulence,
in which the time averages 〈dWfluid/dt〉 = 〈dWkin/dt〉 =
0, so 〈N〉+ 〈T 〉 = 〈C〉 ≥ 0. For linear phase mixing (and
Landau damping) to play a similar role in a turbulent
plasma as in a linear plasma, T would have to be similar
to its linear value, 〈T 〉 ∼ TL. In Fig. 1, we plot the ratio
〈T /TL〉 as a function of (k⊥, k‖) (it is isotropic in r⊥).
The transfer is almost completely suppressed compared
to the linear case, 〈T /TL〉  1, across a large range of
wavenumbers that we will shortly characterize.
Phase-mixing and anti-phase-mixing modes.—The
suppression of free-energy transfer associated with phase
mixing is a nonlinear, kinetic effect. To understand
the suppression mechanism, we decompose the distribu-
tion function into propagating modes in Hermite space,
by writing gˆm = (−i sgn k‖)m [gˆ+m + (−1)mgˆ−m], where
gˆ±m =
1
2 (±i sgn k‖)m
[
gˆm ± i sgn(k‖)gˆm+1
]
. The “phase-
mixing mode”, gˆ+m, propagates forward from low to high
m, the “anti-phase-mixing mode”, gˆ−m, propagates back-
ward from high to low m [10, 12, 25]. For m ≥ 3, |gˆ±m|2
evolves as
∂
∂t
|gˆ±m|2
2
± |k‖|vth√
2
∂
∂m
√
m|gˆ±m|2 + νmn|gˆ±m|2
= −Re
{ ∑
p‖+q‖=k‖
[gˆ±m(k‖)]
∗
uˆ⊥(p‖) · ∇⊥
[
δ+k‖q‖ gˆ
±
m(q‖) + δ
−
k‖q‖
gˆ∓m(q‖)
]}
,
(8)
where δ±k‖q‖ =
[
1± sgn(k‖q‖)
]
/2 (δ+k‖q‖ picks out k‖ and
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FIG. 2.
〈
Γ¯30
〉
=
〈
Γ30/Γ
L
30
〉
, free-energy transfer from mode
30 to 31, normalized to its value in a linear plasma, expressed
in Fourier space. The line is τ−1nl = τ
−1
s . The marks show the
locations of the Hermite spectra in Fig. 3.
q‖ that have the same sign, δ
−
k‖q‖
the opposite sign). We
have introduced a continuous approximation for the finite
difference in m, valid because gˆ±m are smooth in the sense
that gˆ±m ≈ gˆ±m+1 to lowest order at large m [12]. In
terms of gˆ±m, the normalized free-energy transfer from m
to m+ 1 is
Γ¯m ≡ Γm
ΓLm
=
k‖vth
√
(m+ 1)/2 Im(gˆ∗m+1gˆm)
k‖vth
√
(m+ 1)/2 |gˆm|2
≈ |gˆ
+
m|2 − |gˆ−m|2
|gˆ+m|2 + |gˆ−m|2
,
(9)
where |gˆm|2 ≈ |gˆ+m|2 + |gˆ−m|2 for large m [12]. Any sup-
pression of free-energy transfer, Γ¯m < 1, can only be due
to the anti-phase-mixing modes, gˆ−m 6= 0.
Let us now consider the linear and nonlinear regimes
in terms of gˆ±m. In the linear case, we neglect the right-
hand side of (8). Taking an initial disturbance in the
fluid moments (low m) that propagates forwards only, we
seek steady solutions with gˆ−m = 0 (any gˆ
−
m present in the
initial conditions reflects off the hard-wall-like boundary
condition at m = 0 and becomes forward propagating
within one streaming time). The steady solutions of (8)
are
|gˆ+m|2 =
A(k‖)√
m
exp
[
(−m/mc)n+
1
2
]
,
mc =
[
(n+ 1/2)|k‖|vth√
2ν
]1/(n+1/2)
,
(10)
where A(k‖) is an arbitrary function of k‖ and mc is the
collisional cutoff [9, 10]. For m mc, |gˆ+m|2 has a m−1/2
spectrum, while for m & mc, it is strongly damped. As
gˆ−m = 0, the normalized Hermite flux (9) is Γ¯m = 1.
To return to nonlinear drift kinetics, we reinstate the
nonlinear term in (8). Now, even if gˆ−m is zero initially,
the nonlinear term acts as a source in the “−” equation.
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FIG. 3. Hermite spectra in the linear-streaming- (m−1/2) and
nonlinearity- (m−5/2) dominated regions, for fixed k‖ and k⊥.
This puts some free energy into the gˆ−m modes, with the
result that Γ¯m < 1, as in Fig. 1. The effect is even
clearer at large m, away from driving and dissipation:
see Fig. 2, where we plot Γ¯30. There are clear regions
in wavenumber space where free-energy transfer is as in
the linear case, Γ¯30 ≈ 1, and regions where free-energy
transfer is completely suppressed, Γ¯30  1.
Critical balance.—To understand this partition of
wavenumber space, we compare the characteristic rates of
the phase mixing and nonlinearity, respectively through
the streaming rate τ−1s ∼ k‖vth and the eddy turnover
rate τ−1nl ∼ k⊥u⊥ ∼ (vth/L‖)(k⊥/k⊥0)4/3 [11]. When
τ−1s  τ−1nl , streaming dominates nonlinearity and the
problem is essentially linear with Γ¯m = 1. When τ
−1
s 
τ−1nl , nonlinearity dominates streaming and Γ¯m < 1.
As shown in Figs. 1 and 2, the line of critical balance,
τ−1nl = τ
−1
s , is in good agreement with the boundary of
complete suppression Γ¯m = 0, indicating that free-energy
transfer is suppressed whenever τ−1nl & τ−1s .
The region τ−1nl & τ−1s corresponds to the scales that
contain the majority of the free energy (see [12, 24] for the
theoretically predicted and numerically measured spec-
tra). This has two important consequences. Firstly,
each velocity scale m is, statistically, very nearly energet-
ically decoupled from other scales, so, in particular, the
fluid and kinetic moments are decoupled. Secondly, since∑
k‖
∫
d2r⊥ 〈N〉 = 0, the time average of (7) implies
that the collisional dissipation rate,
∑
k‖
∫
d2r⊥ 〈C〉 =∑
k‖
∫
d2r⊥ 〈T 〉, is also strongly suppressed, so colli-
sional dissipation at fine velocity-space scales is a far less
effective dissipation channel than in the case of linear
Landau damping. We confirm this suppression of colli-
sional dissipation by considering the Hermite spectra.
Hermite spectra and dissipation.—The different free-
energy transfer behaviors in the phase-mixing-dominated
and the nonlinearity-dominated regions gives rise to two
different Hermite spectra, plotted in Fig. 3 for fixed
wavenumbers. In the phase-mixing-dominated region
(Γm = 1), we observe the linear m
−1/2 spectrum (10).
In the nonlinearity-dominated region (Γm  1), we ob-
serve the steep m−5/2 spectrum predicted in [12]. The
spectrum in the phase-mixing region gives rise to free-
energy dissipation at the usual Landau damping rate: for
a fixed Fourier mode in this region,
∫mc
3
dm νmnm−1/2 ∼
|k‖|vth. This remains finite as ν → 0+. In con-
trast, the dissipation rate for the m−5/2 spectrum ob-
served in the nonlinear region is
∫mc
3
dm νmnm−5/2 ∼
ν4/3(|k‖|vth)−1/3 → 0 as ν → 0+. Landau damping is
thus suppressed in the nonlinear region. As most of the
free energy is contained in this region [12, 24], the to-
tal dissipation via phase mixing to collisional scales in
v‖ tends to zero as ν → 0+. The vast majority of free
energy cascades nonlinearly to dissipate at fine physical-
space scales instead.
These spectra and dissipation patterns explain the nu-
merical observations of [19, 20] that the Hermite spec-
trum summed over all Fourier space is much steeper than
the linear m−1/2 spectrum, and that free-energy dissipa-
tion via collisions in the inertial range decreases as ν
decreases. Those observations may be understood as the
result of aggregating the behaviors of the two distinct re-
gions of Fourier space identified above. It is possible to
prove that the aggregate Hermite spectrum is m−2 [12],
consistent with the scaling reported in [19, 24].
Discussion.—In this Letter, we have shown that lin-
ear phase mixing and the nonlinear cascade are strongly
interdependent. The nonlinear cascade in the inertial
range excites anti-phase-mixing modes, suppressing the
net transfer of free energy into kinetic modes. This has
both theoretical and practical implications. Theoreti-
cally, these results profoundly change our understanding
of the way in which free energy is cascaded and dissi-
pated in phase space. As there is only a small net free-
energy flux out of fluid modes in the inertial range, it is
probably legitimate to neglect parallel streaming when
deducing physical-space spectra from Kolmogorov argu-
ments, as was done in [11]. Since the Hermite spectrum
at energetically-dominant scales is a steep m−5/2 power
law, these scales experience no free-energy dissipation via
Landau damping as ν → 0+, and almost all free energy
cascades to perpendicular spatial sub-Larmor scales. The
steep Hermite spectrum also means that free-energy dis-
sipation via linear phase mixing is not independent of
collision frequency. This has the important practical im-
plication that enlarged collision frequencies cannot nec-
essarily be used to compensate for low v‖ resolution in
weakly collisional simulations.
In this work, we have studied ITG drift-kinetic turbu-
lence. However, our focus is on inertial-range physics,
which does not depend on the details of the energy injec-
tion. The approach presented here should be applicable
to other kinetic systems where a nonlinearity interacts
with particle streaming. Indeed, similar suppressions of
5phase mixing has already been observed due to different
nonlinearites in the Vlasov–Poisson system [25] and in
kinetic passive scalar simulations [29].
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